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Abstract
Some new classes of optimal ðv; 4; 1Þ optical orthogonal codes are constructed. First, mainly
by using perfect difference families, we establish that such an optimal OOC exists for vp408;
va25: We then look at larger ðp; 4; 1Þ OOCs with p prime; some of these codes have the nice
property that the missing differences are the ðr  1Þth roots of unity in Zp (r being the
remainder of the Euclidean division of p by 12) and we prove that for r ¼ 5 or 7 they give rise
to ðrp; 4; 1Þ difference families. In this way we are able to give a strong indication about the
existence of ð5p; 4; 1Þ and ð7p; 4; 1Þ difference families with p a prime  5; 7 mod 12
respectively. In particular, we prove that for a given prime p  7 mod 12; the existence of a
ð7p; 4; 1Þ difference family is assured (1) if po10; 000 or (2) if o is a given primitive root unity
in Zp and we have 3  oi ðmod pÞ with gcdði; p16 Þo20:
Finally, we remove all undecided values of vp601 for which a cyclic ðv; 4; 1Þ difference
family exists, and we give a few cyclic pairwise balanced designs with minimum block size 4.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
As usual, given a subset B of an additive group G; we denote by DB the list of
differences from B deﬁned by DB ¼ fx  y j x; yAB; xayg: More generally, if F ¼
fB1;y; Bng is a collection of subsets of G; then DF; the list of differences from F; is
deﬁned by DF ¼ DB1,?,DBn: If DF ¼ G  f0g then F is said to be a ðv; k; 1Þ
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difference family (DF); if further, G ¼ Zg; then this difference family is said to be
cyclic.
Recall that a ðv; k; 1Þ optical orthogonal code (OOC) may be viewed as a set of k-
subsets of Zv whose list of differences does not have repeated elements. It is optimal
when its size reaches the upper bound I v1
kðk1Þm: If its size is exactly equal to
v1
kðk1Þ;
then it gives a cyclic ðv; k; 1Þ difference family and generates a ðv; k; 1Þ-BIBD.
For general background on difference families we refer to [1,3].
A ðgv; k; 1Þ-OOC whose set of missing differences is f0; v; 2v;y; ðg  1Þvg (the
subgroup of Zgv of order g) is said to be a relative ðgv; g; k; 1Þ difference family or
simply a ðgv; g; k; 1Þ-DF in [12] or, also, a g-regular ðgv; k; 1Þ-OOC in [28]. It is clearly
an optimal OOC if and only if gpkðk  1Þ:
Optical orthogonal codes are also related to difference triangle sets [19]. A
ðn; k  1Þ-difference triangle set, or ðn; k  1Þ  DDS; is a n-setF of k-subsets of Z;
the set of integers, such that DF does not have repeated elements. The scope ofF is
the maximum of DF so that the scope is at least equal to kðk  1Þn=2: In the case
this lower bound is met, then F may be viewed as a cyclic ðkðk  1Þn þ 1; k; 1Þ-DF
that is said to be perfect. Such a DF is also equivalent to a graceful labeling [26] of a
graph with n connected components all isomorphic to the complete graph on k
vertices.
We observe that a ðn; k  1Þ  DDS with scope kðk  1Þn=2þ 1 and missing
difference kðk  1Þn=2 may be also viewed as a cyclic ðkðk  1Þn þ 1; k; 1Þ-DF. Such
a DF will be called quasi-perfect.
A few known recursive constructions for perfect ðv; 4; 1Þ-DFs were given in [23]
and later in [22]. These are summarized in the next theorem:
Theorem 1.1. If a perfect ðw; 4; 1Þ-DF exists then there exist perfect ðv; 4; 1Þ-DFs for
vAf5w þ 8; 13w; 19w þ 30; 23w þ 38; 25w þ 36; 25w þ 48g; and a quasi-perfect
ðv; 4; 1Þ-DF for v ¼ 7w þ 6:
Example 1.2. The following table gives examples of perfect ðv; 4; 1Þ-DFs for
vAf289; 301; 325; 349; 385; 397g:
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Example 1.3. The blocks f0; 1; 10; 13g and f0; 4; 6; 11g form a ð2; 3Þ  DDS with
scope 13. Also, the blocks f0; 1; 4; 15g; f0; 2; 10; 19g and f0; 5; 12; 18g form a ð3; 3Þ 
DDS with scope 19.
Remark 1.4. If kðk  1Þn=2psokðk  1Þðn þ 1Þ=2; then a ðn; k  1Þ  DDS with
scope s may be viewed as an optimal ðv; k; 1Þ-OOC for any integer v with 2s þ
1pvpkðk  1Þðn þ 1Þ: So, in particular, a perfect ðv; k; 1Þ-DF may be regarded as an
optimal ðw; k; 1Þ-OOC for all w such that vpwov þ kðk  1Þ:
A quasi-perfect ðv; k; 1Þ-DF may be viewed as an optimal ðw; k; 1Þ-OOC for all w
such that vpwov þ kðk  1Þ but wav þ 1:
This very easy observation was reported in [22], but does not appear to have been
fully exploited in literature. Here we note that a solution for the existence problem of
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optimal ðv; 3; 1Þ-OOCs (already solved in [6,18]) may be very quickly obtained by
applying the above remark with the use of Skolem sequences [27].
Recall, ﬁrst, that a Skolem sequence or hooked Skolem sequence of order n may be
viewed as a sequence of integers ðs1;y; snÞ such that the pairs fsi; si þ ig partition
the set f1; 2;y; 2ng or the set f1; 2;y; 2n  1; 2n þ 1g according to whether we have
n  0; 1 ðmod 4Þ or, respectively, n  2; 3 ðmod 4Þ:
A Skolem sequence or hooked Skolem sequence of order n is known to exist for
any n satisfying the appropriate congruences.
We observe that any (hooked) Skolem sequence ðs1;y; snÞ of order n is naturally
associated with a (quasi-)perfect ð6n þ 1; 3; 1Þ-DF whose base blocks are f0; i; si þ
i þ ng; i ¼ 1;y; n:1 In view of Remark 1.4 this observation allows us to see that for
any integer vc14 or 20 ðmod 24Þ; the (quasi-)perfect ð6 
 Iv1
6
mþ 1; 3; 1Þ-DF
associated with a (hooked) Skolem sequence of order Iv1
6
m may be viewed as an
optimal ðv; 3; 1Þ-OOC.
No optimal ðv; 3; 1Þ-OOC with v  14 or 20 ðmod 24Þ exists. This can be deduced
from the non-existence of 1-rotational Steiner triple systems of order 15 or
21 ðmod 24Þ easily established in [25]. In this way, as previously announced, we
have reproved the following result.
Theorem 1.5. There exists an optimal ðv; 3; 1Þ-OOC if and only if vc14 or
20 ðmod 24Þ:
For k43 there is no result comparable with the above theorem. Concerning the
case k ¼ 4; we recall that Chen and Zhu [17] proved the existence of a ðp; 4; 1Þ-DF
for any admissible prime p (namely of the form 12n þ 1) while existence results on
optimal ðv; 4; 1Þ-OOCs that are not DFs can be found in [13–16,20,22,28].
We now apply Remark 1.4 to improve the known results in [22] for ðv; 4; 1Þ-OOCs
with vp408:
Theorem 1.6. There exists an optimal ðv; 4; 1Þ-OOC for any integer vp408 with the
only definite exception of v ¼ 25:
Proof. Trivially, for vo13 an optimal ðv; 4; 1Þ-OOC is the empty set. There exists a
perfect ð13; 4; 1Þ-DF (its only block is f0; 1; 4; 6g) which, by Remark 1.4, may be
viewed as an optimal ðv; 4; 1Þ-OOC for 13pvp24:
It is well known that no cyclic ð25; 4; 1Þ-DF exists.
Also, there exists a cyclic ð37; 4; 1Þ-DF, since 37 is a prime.
A ð2p; 2; 4; 1Þ-DF is known to exist for any prime p  1 ðmod 6Þ: Applying this in
the cases p ¼ 13 and 19 proves the assertion for v ¼ 26 and 38.
According to Table 14.15 in [19], there exist a ð2; 3Þ  DDS of scope 13 and a
ð3; 3Þ  DDS of scope 19 (these also appear in Example 1.3). In view of Remark 1.4,
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they be regarded, respectively, as optimal ðv; 4; 1Þ-OOCs for 27pvp36 and for
39pvp48:
For 4pnp33; a perfect ð12n þ 1; 4; 1Þ-DF is known to exist. In [21], using the
terminology of graceful labelings, solutions are exhibited for 4pnp22: For n ¼
24; 25; 27; 29; 32 and 33, see Example 1.2, and for n ¼ 23; 26; 28; 30; 31; we can apply
Theorem 1.1, since 277 ¼ 19 
 13þ 30; 313 ¼ 5 
 61þ 8; 337 ¼ 23 
 13þ 38; 361 ¼
25 
 13þ 36 and 373 ¼ 25 
 13þ 48: This, by Remark 1.4, implies the existence of an
optimal ðv; 4; 1Þ-OOC for 49 ¼ 12 
 4þ 1pvp12 
 33þ 12 ¼ 408: &
We shall now investigate the existence of optimal ðp; 4; 1Þ-OOCs with p a prime
not congruent to 1 ðmod 12Þ and we show how, in some cases, they allow to obtain
cyclic ð5p; 4; 1Þ- and ð7p; 4; 1Þ-DFs. In this way we are able to give a strong indication
about DFs with these parameters.
We also solve the existence problem for cyclic ðv; 4; 1Þ-DFs with vp601; and give a
few cyclic pairwise balanced designs with minimum block size 4.
2. A construction for optimal ðp; 4; 1Þ optical orthogonal codes with p a prime
Most general direct constructions for cyclic ðv; 4; 1Þ-DFs have v prime and all
blocks multiples of a special block (initial base block). Indeed, the ﬁrst large class of
ðp; 4; 1Þ-DFs with p prime was constructed by Bose [5] and all the blocks of these
DFs are multiples of f0; 1; e; e2g; e being a primitive cubic root of unity mod p: In [7]
it is shown that ðp; 4; 1Þ-DFs of Bose type exist if and only if p satisﬁes a suitable
cyclotomic condition. The existence of a ðp; 4; 1Þ-DF for any admissible prime was
obtained in [17], where it is proved that such a DF can always be realized with an
initial base block of the form f0; 1; x; x2g as previously conjectured in [8].
About the existence problem for optimal ðp; 4; 1Þ-OOCs with p a
primec1 ðmod 12Þ very little is known. In this section we show there are good
chances of getting such an optimal OOC when the equation x3 þ x2  1 ¼ 0 admits a
solution in Zp:
Lemma 2.1. Let p be a prime such that there exists xAZp satisfying the identity
x3 þ x2  1 ¼ 0: Consider the block A ¼ f0; 1; x; x3g: We have:
DA ¼ f71;7x;7x2;7x3;7x4;7x5g: ð1Þ
Proof. We obviously have:
x3  1 ¼ x2 and x3  x ¼ xðx2  1Þ ¼ x4:
Also, observing that x5 þ x  1 ¼ ðx3 þ x2  1Þðx2  x þ 1Þ; we deduce that x5 þ
x  1 ¼ 0 and hence x  1 ¼ x5: &
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Theorem 2.2. Let p be a prime such that there exists xAZp satisfying the identity
x3 þ x2  1 ¼ 0: Assume, also, that x2 is a primitive square in Zp: Then there exists an
optimal ðp; 4; 1Þ-OOC with initial base block A ¼ f0; 1; x; x3g:
Proof. Let us show that the collection
F ¼ fx6jA j 0pjoIðp  1Þ=12mg
is the required OOC.
Using (1) we have
DF ¼ f1;1g 
 fxi j 0pio6Iðp  1Þ=12mg:
By hypothesis x2 is a primitive square and this is equivalent to say that the set
f1; x; x2;y; xðp3Þ=2g is a complete system of representatives for the cosets of f1;1g
in the multiplicative group of Zp: This assures that DF does not have repeated
elements. &
We say that a ðp; 4; 1Þ-OOC with p a prime is good if, besides being optimal, the set
of missing differences is a subgroup of the multiplicative group of Zp: Their
importance in the case of p  5 or 7 ðmod 12Þ will be seen in Sections 3 and 5,
respectively. Here the missing differences are71;7e (where e is a 4th root of unity)
for p  5 ðmod 12Þ and 71;7e;7e2 (where e is a 6th root of unity) for p 
7 ðmod 12Þ:
Theorem 2.3. Let p be a prime such that there exists xAZp satisfying the identity
x3 þ x2  1 ¼ 0: There exists a good ðp; 4; 1Þ-OOC with initial base block A ¼
f0; 1; x; x3g in each of the following cases:
* p ¼ 24n þ 5 and x4 is a primitive 4th power in Zp:
* p ¼ 36n þ 7 and x6 is a primitive 6th power in Zp:
* p ¼ 60n þ 11 and x10 is a primitive 10th power in Zp:
Proof. The three cases may be treated, together, assuming that p is of the form
ðr  1Þð6n þ 1Þ þ 1 with r ¼ 5 or 7 or 11, and that xr1 is a primitive ðr  1Þth power
in Zp: Let H be the group of ðr  1Þth roots of unity in Zp and let e be a generator of
it. Consider the collection
F ¼ feix6jþ1A j 0pioðr  1Þ=2; 0pjong:
Observing that f7ei j 0pioðr  1Þ=2g ¼ H and using (1), we have DF ¼ H 

fxh j 1php6ng: By hypothesis xr1 is a primitive ðr  1Þth power in Zp and this is
equivalent to say that fxh j 0pip6ng is a complete system of representatives for the
cosets of H in the multiplicative group of Zp: It follows that DF ¼ Zp  ðH,f0gÞ;
i.e., F is a good ðp; 4; 1Þ-OOC. &
ARTICLE IN PRESS
R.J.R. Abel, M. Buratti / Journal of Combinatorial Theory, Series A 106 (2004) 59–7564
Here is the list of primes p with 12opo1000 and pc1 ðmod 12Þ for which one of
the two theorems above gives an optimal ðp; 4; 1Þ-OOC. Primes p for which Theorem
2.3 gives a good ðp; 4; 1Þ-OOC are shown in bold.
17, 19, 23, 43, 53, 59, 67, 79, 83, 101, 103, 107, 113, 149, 167, 173, 199, 211, 223,
227, 251, 263, 283, 293, 307, 317, 347, 359, 367, 379, 383, 389, 401, 419, 431, 463, 467,
479, 503, 557, 563, 571, 593, 599, 607, 619, 643, 659, 677, 691, 701, 719, 727, 743, 751,
773, 787, 797, 809, 821, 827, 839, 907, 911, 919, 941, 971, 977, 983, 991.
For each admissible prime such that (1) 17opo200; (2) p  5 mod 12 or
11 mod 60; and (3) p does not appear in the above list, we have obtained a
good ðp; 4; 1Þ-OOC with the use of a computer. The relevant primes are
p ¼ 29; 41; 71; 89; 113; 131; 137; 191; 197: There is no good ð17; 4; 1Þ-OOC.
We report these computer results in the following table where, aside each prime,
we report a primitive ðr  1Þth root of unity e in Zp:
Admissible primes of the form 12n þ 7 are not included here; good ðp; 4; 1Þ-OOC’s
for these are constructed later in Section 4.
3. ð5p; 4; 1Þ-DFs with p a prime  5 ðmod 12Þ
As previously announced, we now show how a good ðp; 4; 1Þ-OOC leads to a
ð5p; 4; 1Þ-DF.
Theorem 3.1. Let p ¼ 12n þ 5 be a prime greater than 5. If there exists a good
ðp; 4; 1Þ-OOC, then there exists a cyclic ð5p; 4; 1Þ-DF.
Proof. Identify Z5p with Z5"Zp: Let e be a primitive 4th root of unity in Zp and
assume that A ¼ fA1;y; Ang is a good ðp; 4; 1Þ-OOC so that its set of missing
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differences is the group f71;7eg: For each j ¼ 1;y; n; set Aj ¼ faj0; aj1; aj2; aj3g
and consider the following collection of blocks from Z5"Zp: B ¼ fBij j i ¼
0; 1; 2; 3; j ¼ 1;y; ng where Bij is deﬁned by
Bij ¼ fð0; aj0Þ; ð2i; aj1Þ; ð2iþ1; aj2Þ; ð2iþ2; aj3Þg; i ¼ 0; 1; 2; 3; j ¼ 1;y; n:
Anyone who is familiar with the composition constructions for DFs making use of
difference matrices (see, e.g. [12]), may recognize that
DB ¼ Z5  ðZp  f71;7egÞ: ð2Þ
Now, consider the two blocks
C ¼ fð1; 0Þ; ð4; 0Þ; ð0; 1Þ; ð0; eÞg; D ¼ fð2; 0Þ; ð3; 0Þ; ð0;1Þ; ð0; eÞg:
Since e is a primitive 4th root of unity, we observe e 1 ¼ eðeþ 1Þ; from this we
have:
DC,DD ¼ ðZ5  f0;71;7egÞ, ðf0g  f7ðeþ 1Þ;7eðeþ 1ÞgÞ: ð3Þ
Consider, ﬁnally, the collection A0 ¼ fA01;y; A0ng with A0j deﬁned by A0j ¼
f0g  ðeþ 1ÞAj; j ¼ 1;y; n: We obviously have
DA0 ¼ f0g  ðZp  f7ðeþ 1Þ;7eðeþ 1ÞgÞ: ð4Þ
By (2), (3) and (4) we immediately have that A0,B,fC; Dg is a ð5p; 4; 1Þ-
DF. &
The above theorem, in view of what is seen in Section 2, allows us to obtain a
ð5p; 4; 1Þ-DF for any prime p  5 mod 12; po200; pa5; 17; and also for p ¼
293; 317; 389; 557; 677; 701; 773; 797; 821; 941:
For p ¼ 17; an ð85; 4; 1Þ-DF is given in [21].
Corollary 3.2. Let p ¼ 12n þ 5 be a prime greater than 5. If there exists a good
ðp; 4; 1Þ-OOC, then there exists a cyclic ð20p; 4; 1Þ-BIBD.
Proof. By Theorem 3.1 there exists a ð5p; 4; 1Þ-DF. The assertion then follows from
a result in [10] according to which a ðv; k; 1Þ-DF with all prime factors of v congruent
to 1 modulo k gives rise to a ðkv; k; k; 1Þ-DF that is equivalent to a cyclic ðkv; k; 1Þ-
BIBD. &
4. Good ðp; 4; 1Þ-OOCs with p a prime  7 ðmod 12Þ
In this section we show that when p is a prime  7 ðmod 12Þ there is a method for
constructing a good ðp; 4; 1Þ-OOC which, unlike Theorem 2.3, seems to succeed
always. In particular, this method works for p ¼ 12n þ 7; while the one in Theorem
2.3 worked only for p ¼ 24n þ 7: We point out that the basic idea is quite similar to
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that used in [11] for the construction of cyclic ð5p; 5; 1Þ-RBIBDs with p a prime 
1 ðmod 20Þ:
Throughout the section, given a prime p ¼ 12n þ 7 we will use the following:
Notation 4.1.
* o is a primitive root in Zp:
* e is a primitive cubic root of unity in Zp:
So, the group / eS generated by e is the group of 6th roots of unity in Zp:
* f :Zp  f0g-Z2nþ1 is the logarithmic map deﬁned by f ðoiÞ ¼ i ðmod 2n þ 1Þ:
* h ¼ f ðe 1Þ; d ¼ gcdðh; 2n þ 1Þ; e ¼ ð2n þ 1Þ=d:
Note that if 3 ¼ oi; then d ¼ gcdði; 2n þ 1Þ since ðe 1Þ2 ¼ 3e:
* Cd is the group of dth powers in Zp and, for i ¼ 0;y; d  1; Cdi is the coset of Cd
represented by oi; i.e., Cdi ¼ oiCd :
Also, given an arbitrarily ordered 4-subset A ¼ fa; b; c; dg of Zp; we denote by
DþA the list of 6 differences DþA ¼ fb  a; c  a; d  a; c  b; d  b; d  cg: More
generally, ifA is a collection of (arbitrarily ordered) 4-subsets of Zp; we set D
þA ¼S
AAA D
þA where the union has to be understood between multisets.
Lemma 4.2. Let A be a set of 4-subsets of Zp and set f ðDþAÞ ¼ J: Let /hS be the
subgroup (of order e) generated by h in Z2nþ1 and consider its cosets S0 ¼ /hS;
S1 ¼ 1þ/hS;y; Sd1 ¼ ðd  1Þ þ/hS: Set, for each i;
J-Si ¼ fi þ hji;1; i þ hji;2;y; i þ hji;kig
with 0pji;1pji;2p?pji;kioe: Assume that the following conditions hold:
(i) J does not have repeated elements, i.e., the elements of DþA are in pairwise
distinct cosets of the 6th roots of unity in Zp:
(ii) There exists exactly one i; such that ki; the number of elements in J-Si is even.
We denote this value of i by i:
(iii) The list f ji;a  ji;a1 j 2papkig contains at most one even element.
(iv) For iAf0; 1;y; d  1g  fig the list f ji;a  ji;a1 j 2papkig does not contain
any even elements.
Then there exists a good ðp; 4; 1Þ-OOC.
Proof. Let G be the circulant graph Cay½Z2nþ1 : f7hg; i.e., the 2-regular graph
whose connected components are the e-cycles K0; K1; y, Kd1 where Ki ¼
ði; i þ h; i þ 2h;y; i þ ðe  1ÞhÞ: Note that the vertex-set of Ki is the coset Si: Now,
let G ¼ G J; i.e., the graph obtained from G by deleting all vertices belonging to J
together with all edges incident to some jAJ: Of course, the connected components
of G are paths or cycles and it is easy to see that conditions (ii), (iii), (iv) guarantee
that their orders are even with one exception. So, there exists a near 1-factor of G;
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i.e., a setM of edges partitioning the set of all but one element, say m; of Z2nþ1  J:
Then, since each edge of G is of the form fi; i þ hg; we have M ¼ ffi; i þ hg j iAIg
for a suitable ICZ2nþ1: In other words, J,I,ðI þ hÞ is a partition of Z2nþ1  fmg:
Set B ¼ f0; 1; e; e2g and consider the collection
F ¼ feiA j AAA; i ¼ 0; 1; 2g,foiB j iAIg:
Observe that DB ¼ / eS 
 f1; e 1g and hence, recalling that f ðe 1Þ ¼ h; we
have DðoiBÞ ¼ / eS 
 foi;oiþhg: So we have:
DF ¼ / eS 
 foc j cAJ,I,ðI þ hÞg ¼ Zp  ðom/ eSÞ:
It is then clear that multiplying all blocks of F by om we get the required good
ðp; 4; 1Þ-OOC. &
If d ¼ 1; then A ¼ | trivially satisﬁes conditions (i), (ii), (iii), (iv) of Lemma 4.2.
We also note that since e2 þ eþ 1 ¼ 0; we have ðe 1Þ2 ¼ 3 
 e and hence
f ð3Þ ¼ f ð3 
 eÞ ¼ f ðe 1Þ2  2h ðmod 2n þ 1). From this we observe that d ¼ 1 if
and only if 36 is a generator of the 6th powers in Zp; and we may state:
Corollary 4.3. Let p ¼ 12n þ 7 be a prime and let e be a primitive cubic root of unity in
Zp: If 3
6 is a primitive 6th power, then multiplying the block f0; 1; e; e2g by oh;
o3h;o5h;y;oð2n1Þh gives a good ðp; 4; 1Þ-OOC.
The above result was already known (see [4,9]). Note that the size of a setA as in
Lemma 4.2 is at least equal to Jd1
6
n since we have jDþAj ¼ 6jAj and, at the same
time, jDþAjXd  1 by (ii). Thus, to create such a set A appears to be the more
difﬁcult the more d is ‘‘big’’. On the other handA may be very often created, as we
are going to show in the following constructions, with all (or almost all) its blocks
multiples of a suitable single block A:
Construction 4.4. Let p ¼ 12n þ 7 be a prime 47 with d41 and distinguish the
following four cases.
Case 1: d ¼ 6t þ 1: Consider the subset Y of Zp deﬁned by
Y ¼ fyAZp : yACd2 ; y  1ACd1 and y þ 1ACd4 g: ð5Þ
If Y is not empty, take yAY ; set A ¼ f0; 1; y; y2g; and consider the collection
A ¼ fo6iA j 0piotg:
The intersection between DþA and Cdi is empty for i ¼ 6t while it is a singleton for
0pip6t  1: More precisely, for 0pipt  1 we have:
DþA-Cd6i ¼ fo6ig; DþA-Cd6iþ1 ¼ fo6iðy  1Þg;
DþA-Cd6iþ2 ¼ fo6iyg; DþA-Cd6iþ3 ¼ fo6iðy2  yÞg;
DþA-Cd6iþ4 ¼ fo6iy2g; DþA-Cd6iþ5 ¼ fo6iðy2  1Þg:
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Then, since xACdi implies that f ðxÞASi; we have that J-Si is empty for i ¼ 6t
while it is a singleton for 0pip6t  1: It is then obvious that A satisﬁes the
conditions of Lemma 4.2 and hence a good ðp; 4; 1Þ-OOC exists.
Case 2: d ¼ 6t  1: Deﬁne Y andA as in Case 1. Here DþA-Cdi is a singleton for
1pipd  1 while DþA-Cd0 ¼ f1;o6t6ðy2  1Þg: ThusA satisﬁes the conditions of
Lemma 4.2 provided that f ðo6t6ðy2  1ÞÞaf ð1Þ (equivalently, o6t6ðy2  1Þ is not a
6th root of unity) otherwise (i) fails. So, since o6t6ðy2  1Þ is a 6th root of unity for
at most 12 values of y; we may claim that a good ðp; 4; 1Þ-OOC exists if Y has size at
least 13.
Case 3: d ¼ 6t þ 3 with t40: Deﬁne, again, Y and A as in the ﬁrst case (in the
hypothesis that Ya|). Then consider WCZp deﬁned by
W ¼ fwAZp :wACd6t; w  ðe 1ÞACd6tþ1 and w  ðe 1Þ2ACd6tþ2g: ð6Þ
If W is not empty, take wAW ; set A0 ¼ f0; e 1; ðe 1Þ2; wg; and
A ¼ fo6iA j 0piotg,fA0g:
Note that ðe 1Þðe 2ÞADA0 and that DþA fðe 1Þðe 2Þg has exactly one
element in Cdi for 1piod while ðDþA fðe 1Þðe 2ÞgÞ-Cd0 ¼ f1; e 1; ðe 1Þ2g:
We have ðe 1Þðe 2ÞACdi so that f ððe 1Þðe 2ÞÞ ¼ ah þ i for some a: If i ¼ 0;
then Af0; 1; 2g: if it was then we would have ðe 1Þðe 2ÞA / eS 
 f71;7ðe
1Þ;7ðe 1Þ2g or, equivalently, there is a 6th root of unity lying in the triple fðe
1Þðe 2Þ; e 2; ðe 2Þ=ðe 1Þg: This can be proved to be absurd taking into
account of the identity e2 þ eþ 1 ¼ 0: Note, for instance, that the polynomial
remainder when ½ðe 1Þðe 2Þ6 is divided by e2 þ eþ 1 is 9720eþ 8721: From this
we deduce that if ðe 1Þðe 2Þ is a 6th root of unity, then 97203 þ 87203 
0 ðmod pÞ; but the only primes p  7 ðmod 12Þ dividing 97203 þ 87203 are 7, 19, 31,
and dc3 ðmod 6Þ for these values of p:
Therefore if i ¼ 0; J-S0 ¼ f0; h; 2h; ahg with 3paoe; and J-Si is a singleton
for 1pipd  1: We may conclude that in this case, A satisﬁes the conditions of
Lemma 4.2 without any further hypothesis on y or w:
If 1pip6t þ 2; we have J-S0 ¼ f0; h; 2hg; J-Si is a singleton for each
ief0; ig; and J-Si ¼ fah þ i; bh þ ig for a suitable b between 0 and e  1: Here
A satisﬁes the conditions of Lemma 4.2 provided that baa: As in Case 2, if
1pip6t  1; this is guaranteed if y does not lie in a forbidden set whose size is at
most 12; while if 6tpio6t þ 2; it is similarly guaranteed if w does not lie in such a
forbidden set. For instance, if i ¼ 6i þ 5o6t; we have only to forbid that o6iðy21Þðe1Þðe2Þ is
a 6th root of unity.
In conclusion, a good ðp; 4; 1Þ-OOC surely exists if both Y and W have size at
least 13.
Case 4: d ¼ 3: Consider the subset Y of Zp deﬁned by
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Assuming that Y is not empty, choose yAY and consider the quadruple A ¼
f0; 1; e 1; y0g with
y0 ¼ y if f ðyÞ ¼ ah with 0oaoe and a even;
yðe 1Þ if f ðyÞ ¼ ah with 0oaoe and a odd:

With a reasoning similar to those done in the previous cases, we may easily see that A
satisﬁes the conditions of Lemma 4.2 provided that y does not lie in a forbidden set
of size at most 12. Hence a good ðp; 4; 1Þ-OOC exists if jY jX13:
We have checked by computer that for po10; 000 the above construction always
succeeds with only three exceptions (p ¼ 271; 2887; 3079) which, however, will be
solved later by means of another construction. We list these computer results (for
relevant primes p which give d41) in the table below. Also, in the base block
f0; e 1; ðe 1Þ2; wg (for d ¼ 6t þ 343) or f0; 1; e 1; y0g (for d ¼ 3), we take e as
oðp1Þ=3; not o2ðp1Þ=3:
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Now we give an application of the Theorem of Weil on multiplicative character
sums. We omit the proof that can be obtained upon the model of that of Theorem 3.1
in [13].
Theorem 4.5. Let p be a prime  1 ðmod dÞ with p4ðm  1Þ2d2m: Then, for any given
m-tuple ð j1; j2;y; jmÞAf0; 1;y; d  1gm and any given m-tuple ðc1; c2;y; cmÞ of
pairwise distinct elements of Zp; the set
Y ¼ fyAZp : y þ ciACdji for i ¼ 1; 2;y; mg
has size greater than dm1:
The above theorem (with m ¼ 3 when d43 or m ¼ 4 when d ¼ 3) in conjunction
with Construction 4.4 allows us to claim that there exists a good ðp; 4; 1Þ-OOC for
d43; p44d6 and also for d ¼ 3; p4310:
For 3pdp19 and p not satisfying the above inequalities we have checked the
existence of a good ðp; 4; 1Þ-OOC with the help of a computer.
We now give, without proof, a practical method for ﬁnding a setA satisfying the
conditions of Lemma 4.2 when Construction 4.4 fails.
Construction 4.6. Suppose there exists a size 4 subset A of Zp such that f ðDþAÞ has
the following form:
f ðDþAÞ ¼ f0; a1h; a2h; a3h þ j; a4h þ 2j; a5h  jg;
with gcdð j; dÞ ¼ 1; 0oa1oa2oe; a1ða2  a1Þ  1 ðmod 2Þ:
Let u ¼ ðd  3Þ=4 if d  3 ðmod 4Þ or ðd  5Þ=4 if d  1 ðmod 4Þ: Then, unless d 
3 ðmod 4Þ and a5h  j  ða4h þ 2jÞ þ ðd  3Þj ðmod 2n þ 1Þ; A ¼ fo4ijA j 0pipug
satisﬁes the conditions of Lemma 4.2 and hence a good ðp; 4; 1Þ-OOC exists.
The table below shows how the above construction succeeds in the three cases
(with po10; 000) where Construction 4.4 fails.
We illustrate these calculations for p ¼ 271: Here, 2n þ 1 ¼ 45; h ¼ 36; d ¼ 9;
which together with the above values of j and ai ð1pip5Þ gives f ðDþAÞ ¼
f0; 36; 27; 5; 19; 40g: Using Construction 4.6, A ¼ fA;o20Ag satisﬁes the con-
ditions in Lemma 4.2; this can be seen by noting f ðDþAÞ ¼
f0; 36; 27; 5; 19; 40g,f20; 11; 2; 25; 39; 15g: Note that here, ki ¼ jJ-Sij ¼ 3 for
iAf0; 2g; 0 for i ¼ 8 and 1 for other values of io9; therefore i ¼ 8; the only i for
which ki is even. Also, for i ¼ 0; we have ji;1 ¼ 0; ji;2 ¼ 1; ji;3 ¼ 2; while for i ¼ 2; we
have ji;1 ¼ 0; ji;2 ¼ 3; ji;3 ¼ 4; so as required in Lemma 4.2, the differences ji;a  ji;a1
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are all odd for a ¼ 2; 3 and iAf0; 2g: The required good ð271; 4; 1Þ-OOC is obtained
by multiplying A and o20A by o45t8 for t ¼ 0; 1; 2 and B ¼ f0; 1; e; e2g ¼
f0; 1; 28; 242g by oz8 for z ¼ 18; 10; 37; 38; 12; 30; 13; 31; 23; 41; 6; 33; 16; 43; 26; 44:
We may summarize the results of this section as follows.
Theorem 4.7. Let p ¼ 12n þ 7 be a prime and let o be a primitive root of unity in Zp:




* d419 and p44d6:
5. ð7p; 4; 1Þ-DFs with p a prime
Theorem 5.1. Let p ¼ 12n þ 7 be a prime greater than 7. If there exists a good
ðp; 4; 1Þ-OOC, then there exists a cyclic ð7p; 4; 1Þ-DF.
Proof. We may identify Z7p with Z7"Zp: Let Zp be the set of non-zero elements of
Zp; and Z
&
p be the set of non-zero squares in Zp: Let a and a
2 be the primitive cubic
roots of unity in Zp so that we have ða 1Þða2  1Þ ¼ 3: Then, since 3 is a non-
square in Zp by the Quadratic Reciprocity Law, exactly one of the two elements a 1
and a2  1 is a non-square. Let e be the primitive cubic root of unity in Zp such that
e 1 is a non-square. Consider the following collections of 4-subsets of Z7"Zp:
A ¼ ffð0; 0Þ; ð2i; eiÞ; ð2i; eiðe 1ÞÞ; ð2iþ2; 0Þg j i ¼ 0; 1; 2g;
B ¼ ffð0; 0Þ; ð1; sÞ; ð2; seÞ; ð4; se2Þg j sAZ&p  f1; egg:
Also, let
L0 ¼ ðe 2Þ 
/ eS; L1 ¼ f0; 1; e 1; e; eðe 1Þg:
It is straightforward to check that we have
DA ¼ ½f0g  L0
[ [5
i¼0




Further, we have fei; eiðe 1Þg 
 Z&p ¼ Zp  f0g ¼ Zp from our hypothesis that




ðfð2Þig  ðZp  ððeÞi 
 L1ÞÞÞ
and hence
DA,DB ¼ ðf0g  L0Þ,ðZ7  ZpÞ: ð8Þ
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Now, let C be a good ðp; 4; 1Þ-OOC, so that we have DC ¼ Zp / eS; and
deﬁne
C0 ¼ ff0g  ðe 2Þ 
 C j CACg:
We obviously have DC0 ¼ f0g  ðZp  L0Þ so that, by (8), we may ﬁnally claim
that the collection F ¼A,B,C0 is the required ð7p; 4; 1Þ-DF. &
So we have
Theorem 5.2. There exists a cyclic ð7p; 4; 1Þ-DF for any prime p as in Theorem 4.7.
6. Some new ðv; 4; 1Þ-DFs with vp601
In this section we are able to remove all undecided cases for which a cyclic ðv; 4; 1Þ-
DF with vp601 exists.
Theorem 6.1. There exists a cyclic ðv; 4; 1Þ-DF for any admissible vp601 apart from
the definite exception of v ¼ 25:
Proof. From the above sections the statement is true for vo398 and for v ¼ mp with
p a prime and m ¼ 1 or 5 or 7.
Theorem 1.1, in view of the existence of perfect ðw; 4; 1Þ-DFs for w ¼ 97 and 73,
gives cyclic ðv; 4; 1Þ-DFs for v ¼ 493 and 517, since 493 ¼ 5 
 97þ 8; and 517 ¼
7 
 73þ 6: Also, the product construction [12] works for v ¼ 481 ¼ 13 
 37:
For the remaining admissible values of vp601 (i.e. 529 and 589) we explicitly
exhibit a ðv; 4; 1Þ-DF in the following table.
&
7. A few new pairwise balanced designs
To conclude, we construct a few pairwise balanced designs (PBDs) with minimum
block size 4 that were given as unknown in [2,24]. These are ðv; f4; 7; 8gÞ-PBDs for
v ¼ 111; 123; 159; 195 and ðv; f4; 8gÞ-PBDs for v ¼ 161; 164; 173:
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For 111, the given design is over Z3  Z37; develop the second components of all
points in the following blocks (mod 37):
fð0; 0Þ; ð0; 11Þ; ð0; 36Þ; ð0; 27Þ; ð1; 14Þ; ð1; 29Þ; ð1; 31Þ; ð2; 0Þg;
fð0; 0Þ; ð1; 0Þ; ð1; 1Þ; ð1; 10Þ; ð1; 26Þ; ð2; 14Þ; ð2; 29Þ; ð2; 31Þg;
fð0; 9Þ; ð0; 16Þ; ð0; 12Þ; ð1; 0Þ; ð2; 0Þ; ð2; 27Þ; ð2; 11Þ; ð2; 36Þg;
fð0; 2Þ; ð0; 20Þ; ð0; 15Þ; ð1; 0Þ; ð2; 18Þ; ð2; 32Þ; ð2; 24Þg;
fð0; 14Þ; ð0; 29Þ; ð0; 31Þ; ð1; 0Þg; fð1; 0Þ; ð2; 15Þ; ð2; 2Þ; ð2; 20Þg;
fð1; 0Þ; ð2; 9Þ; ð2; 16Þ; ð2; 12Þg; fð1; 0Þ; ð1; 5Þ; ð1; 13Þ; ð1; 19Þg;
and for t ¼ 1; 10; 26:
fð0; 0Þ; ð1; 5tÞ; ð1; 9tÞ; ð2; 6tÞg; fð0; 0Þ; ð0; 6tÞ; ð1; 33tÞ; ð2; 13tÞg:
The other designs are cyclic; their base blocks are given below. The last block for
v ¼ 164 is short and generates 41 blocks; all other base blocks generate v blocks.
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